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Abstract
The effect of a closed boundary on the hydrodynamic drag of a nonconcentric semipermeable sphere in an
incompressible viscous fluid is investigated. Darcy’s law holds in the permeable region and Stokes flow used inside
the spherical cavity. Suitable boundary conditions are used on the surface of a semipermeable sphere and spherical
cavity. Two spherical coordinate systems are used to solve the problem. By superposition principle, a general
solution is constructed from the solutions based on the semipermeable sphere and spherical cavity. Numerical
results for the hydrodynamic drag force exerted on the particle is obtained with good convergence for various
values of the relative distance between the centers of the inner sphere and spherical cavity, permeability parameter
and the separation parameter. The numerical values of the hydrodynamic drag force generalize the results obtained
for an eccentric solid sphere.
c© 2021 University of West Bohemia. All rights reserved.
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1. Introduction
The low velocity flow around an object like solid, semipermeable, permeable or composite par-
ticles has been interesting subject in several scientific and engineering applications exemplified
pellets as catalysts, fluid-solid disperse systems, sedimentation etc. Many investigators over the
world carried out researches on numerous problems concerning flow through porous bodies.
Leonov [16] examined the porous sphere by a uniform stream of an incompressible viscous
fluid. Joseph and Tao [9] discussed the coupled problem of a viscous fluid past a permeable
sphere. Feng and Michaelides [3] obtained the drag force exerted on permeable sphere at fi-
nite but small Reynolds numbers. Srinivasacharya [18] studied the Stokes flow past a porous
approximate spherical shell using Darcy’s law. Shapovalov [17] discussed the highly viscous
flow past a partially permeable spherical particle. Vereshchagin and Dolgushev [20] studied the
filtration flow through the spherical shell. Yadav et al. [21, 22] investigated the hydrodynamic
permeability of membranes built up by porous spherical shells, and porous deformed spheroidal
particles using particle-in-cell method.
Gluckman et al. [6] proposed boundary collocation method for slow viscous flow past a finite
assemblage of particles. Using this multipole truncation technique, many researchers solved
multi-particle interaction, particle-wall boundaries, and non-concentrated problems (Leichtberg
et al. [15], Ganatos et al. [4, 5], Dagan [1], Keh and Lee [10]). Faltas and Saad [2] investigated
the slow motion of slip sphere in an eccentric cell using Happel and Kuwabara boundary
conditions [7, 14]. Srivastava et al. [19] studied the flow of an incompressible viscous fluid
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past a porous sphere in presence of transverse applied uniform magnetic field using particle-in-
cell method. Recently, Krishna Prasad and Bucha [13] studied the flow past a semipermeable
sphere under magnetic effect. Krishna Prasad [12] investigated the micropolar fluid past a
semipermeable sphere using different cell models. Yadav et al. [23] studied the hydrodynamic
permeability of a porous spheroidal particles. Khanukaeva et al. [11] examined the creeping flow
of micropolar fluid parallel to the axis of porous cylindrical cells. Yadav et al. [24] investigated
motion of a non-homogeneous porous spherical particle in a spherical container.
In present paper, we have extended the work done by Shapovalov [17] to an eccentric
semipermeable sphere in cell models. The hydrodynamic resisting force acting on the particle
is obtained. Numerical results for the case of motion of solid and semipermeable particle in a
concentric of closed boundary are included.
2. Mathematical statement
Consider the slow motion of a semipermeable spherically symmetric particle with radius a in
an incompressible viscous fluid, surrounded by a non-concentric spherical cavity with radius b,
as depicted in Fig. 1. Let η = a
b
be the separation parameter. The spherical cavity is frictionless.
The fluid comes near the cavity surface and past a semipermeable sphere translating at a constant
velocity U from the negative z-axis. Here, (r, θ, φ) and (ρ, φ, z) denote the spherical coordinate
and circular cylindrical systems, respectively. The origin is fixed at the centre of spherical
cavity. The centre of the semipermeable sphere is placed at a distance d from the centre of
the cavity. Let (r1, θ1, φ) and (r2, θ2, φ) be the spherical coordinates based on the centre of
a semipermeable sphere and spherical cavity, respectively. The relation between the radii of
semipermeable sphere r1 and spherical cavity r2 is given by r21 = r
2
2 + d




2 + 2r1d cos θ1.
The field equations governing the flow outside the semipermeable sphere are the continuity
and Stokes equations
∇ · v (1) = 0, (1)
∇p(1) + μ∇×∇× v (1) = 0. (2)
Fig. 1. Geometry of the problem
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For the flow field inside the semipermeable sphere, there are the continuity equation and the
Darcy’s law
∇ · v (2) = 0, (3)
v (2) = −k
μ
∇p(2), (4)
where v (i) and p(i), i = 1, 2 denote the velocity vector and the fluid pressure at any point, μ is
the coefficient of viscosity, and k is the permeability of the porous medium.
Since the considered problem is axially symmetric, all the flow quantities are independent
of φ. Thus, one can take the velocity vectors in the cylindrical coordinates as
v (i) = v(i)ρ eρ + v
(i)
z ez, i = 1, 2. (5)












, i = 1, 2. (6)
The fourth order and second linear partial differential equations for the stream functions ψ(i),
i = 1, 2 are obtained by eliminating the pressures from (2) and (4)
E4ψ(1) = 0, (7)
E2ψ(2) = 0, (8)










is the Stokesian operator.
3. Boundary conditions
To determine the flow velocity components outside and inside the semipermeable sphere, con-
tinuity of pressure, normal velocity, zero tangential velocity at the interface are used, while at
the cavity surface, continuity of radial velocity, Happel and Kuwabara boundary conditions are
assumed [9, 12, 13, 17]. Therefore, the following relations can be obtained
on r1 = a:




ρ tan θ1 + v
(2)
z , (9)
v (1)ρ cot θ1 − v (1)z = 0, (10)
p (1) = p (2), (11)
on r2 = b:
v(1)ρ tan θ2 + v
(1)







E2ψ(1) = 0. (14)
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4. Solution of the problem
Using the principle of superposition, the stream functions ψ(i) of the fluid flow, which satisfy
the boundary conditions on the spherical surfaces in the spherical coordinates [2,4,5,8,10], are

































The stream function ψ(2) is finite at the center of the semipermeable sphere and imposes the
condition fn = 0. In (15) and (16), ϑn(·) denotes the Gegenbauer function of the first kind of
order n and degree −12 and ξ1 = cos θ1, ξ2 = cos θ2. The unknown coefficients An, Bn, Cn, and
Dn can be determined using the boundary conditions (9)–(14).
The axial v(i)ρ and radial v
(i)
z velocity components, the pressure p (i), i = 1, 2, and the




































where ζ1 = (r1, θ1), ζ2 = (r2, θ2) and
∞∑
n=2
[An A5n(ζ3) +Bn B5n(ζ3)− En E5n(ζ3) + Cn C5n(ζ4) +Dn D5n(ζ4)] = 0, (25)
∞∑
n=2
[An A6n(ζ3) +Bn B6n(ζ3) + Cn C6n(ζ4) +Dn D6n(ζ4)] = 0, (26)
∞∑
n=2
[Bn B3n(ζ3)− En E3n(ζ3) +Dn D3n(ζ4)] = 0, (27)
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∞∑
n=2
[An A5n(ζ5) +Bn B5n(ζ5) + Cn C5n(ζ6) +Dn D5n(ζ6)] = −1, (28)
∞∑
n=2
[An A4n(ζ5) +Bn B4n(ζ5) + Cn C4n(ζ6) +Dn D4n(ζ6)] = 0, (29)
∞∑
n=2
[BnB7n(ζ5) +DnD7n(ζ6)] = 0, (30)
where ζ3 = (1, θ1), ζ4 = [(r2, θ2)]r1=1, ζ5 = [(r1, θ1)]r1= 1η , ζ6 = (
1
η
, θ1), and the functions Apn,
Bpn, Cpn, Dpn, and Epn with p = 1, . . . , 7 are given in Appendix A.
5. Drag on the semipermeable sphere
The drag force can be calculated by using the formula













dθ = −4 π μ a U B2, (31)
which indicates that B2 contributes to the hydrodynamic force experienced by the semipermeable
sphere. The expression B2 is the lowest order coefficient. The value of B2 is the most precise
and quickest convergent result.
The exact solution for the case of concentric semipermeable sphere, using the Happel and
Kuwabara models, is given as
FHp = −4 π μ a U
[
2(β2 − 10)η5 + 3β2
2(β2 − 10)η6 + 3(2− β2)η5 + β2(3η − 2)− 1
]
, (32)
FKu = −4 π μ a U
[
15β2
2(β2 − 10)η6 − 10(2 + β2)η3 + 2β2(9η − 5)− 5
]
. (33)
If there is no cavity surface, i.e., a/(b − d) = 0, then the fluid is unbounded. The drag acting on
a semipermeable sphere in a viscous fluid is given as [17]






If β → ∞, the drag exerted on a rigid sphere is obtained [8].
The wall correction factor W is calculated as the ratio of the drag force acting on the
semipermeable sphere in the closed boundary to the semipermeable sphere in the free medium.





6. Results and discussion
To obtain the numerical solution of the drag force exerted on a semipermeable sphere translating
within a spherical cavity, let us choose boundary collocation points along the half-circular
generating arcs of the semipermeable sphere and spherical cavity. The initial point θi = 0 and
the terminal point θi = π are chosen along with the point θi = π/2 on both the arcs. If these
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three points are used in the system of equations (25)–(28) and in (29) and (30) for the Happel
and Kuwabara models, respectively, then the coefficient matrix becomes a singular matrix. To
avoid this difficulty and to achieve good accuracy, it is possible to use the method recommended
in the literature [1, 2, 4–6, 10]. The adjacent points of θi = 0, π/2, π are θi = ε, θi = π/2 − ε,
θi = π/2 + ε, θi = π − ε, where ε is a specified value (ε = 0.01◦) chosen so that the coefficient
matrix is nonsingular. Let us divide the two quarter-circular arcs into equal segments so that
additional points are selected as mirror-image pairs about θ = π/2. Choosing of finite number
of discrete points on the arcs results in a system of linear equations. This system is solved by
using the Gaussian elimination method.
Fig. 2. Variation of W versus η for different values of δ (solid line δ → 0, dashed line δ = 0.25, and
dash-dotted line δ = 0.5) and fixed k1 = 0.001
The numerical solution of the wall correction factor W exerted on the semipermeable
sphere in the nonconcentric cavity containing viscous fluid for both the aforementioned cases
is presented in Fig. 2 and Tables 1 and 2. The obtained results converge to at least six decimal
places. The following parameters are present in the problem:
Table 1. Convergence of the wall correction factor WHp for different values of δ, η, and k1
wall correction factor WHp (Happel’s model)
N k1 → 0 N k1 = 0.001 N k1 = 0.001
η = 0.5 η = 0.5 η = 0.5
δ = 10−5 δ = 0.25 δ = 0.5
6 3.629 62 6 3.814 08 6 4.781 45
8 3.629 62 12 3.803 14 12 4.546 66
– 18 3.803 41 18 4.518 16
– 20 3.803 43 24 4.513 36
– 22 3.803 43 30 4.513 10
– – 36 4.513 04
– – 38 4.513 03
– – 40 4.513 03
– – –
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Table 2. Convergence of the wall correction factor WKu for different values of δ, η, and k1
wall correction factor WKu (Kuwabara’s model)
N k1 → 0 N k1 = 0.001 N k1 = 0.001
η = 0.5 η = 0.5 η = 0.5
δ = 10−5 δ = 0.25 δ = 0.5
6 4.507 04 6 4.701 13 6 5.930 37
8 4.507 04 12 4.682 11 12 5.432 78
– 18 4.682 53 18 5.422 03
– 24 4.682 51 24 5.419 23
– 30 4.682 49 30 5.418 50
– 32 4.682 49 36 5.418 32
– – 38 5.418 28
– – 40 5.418 28
– – –
Table 3. Wall correction factor WHp for different values of k1, η, and δ
W
δ η k1 → 0 k1 = 0.001 k1 = 0.003
0.000 01 0.001 1.001 50 1.001 50 1.001 50
0.010 1.015 23 1.015 22 1.015 21
0.100 1.176 46 1.176 36 1.176 15
0.200 1.428 03 1.427 72 1.427 11
0.300 1.811 52 1.810 76 1.809 24
0.400 2.448 13 2.446 15 2.442 21
0.500 3.629 63 3.623 46 3.611 18
0.25 0.001 1.001 64 1.001 64 1.001 64
0.010 1.016 64 1.016 63 1.016 61
0.100 1.191 88 1.191 77 1.191 54
0.200 1.462 73 1.462 38 1.461 69
0.300 1.872 58 1.871 70 1.869 95
0.400 2.550 82 2.548 49 2.543 86
0.500 3.810 83 3.803 43 3.788 73
0.5 0.001 1.002 19 1.002 19 1.002 18
0.010 1.022 15 1.022 14 1.022 12
0.100 1.252 30 1.252 14 1.251 81
0.200 1.598 05 1.597 53 1.596 48
0.300 2.110 16 2.108 75 2.105 92
0.400 2.952 11 2.948 11 2.940 14
0.500 4.526 49 4.513 02 4.486 40
1. The separation parameter: η = a/b (0 < η < 0.5).
2. The parameter δ = d
b−a is the normalized deviation distance of the center of inner sphere
from the center of spherical container: If δ → 0, the center of inner sphere and spherical
container coincide and the problem is reduced to translation of a semipermeable sphere
in a concentric spherical container.
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Table 4. Wall correction factor WKu for different values of k1, η, and δ
W
δ η k1 → 0 k1 = 0.001 k1 = 0.003
0.000 01 0.001 1.001 80 1.001 80 1.001 80
0.010 1.018 33 1.018 32 1.018 30
0.100 1.218 03 1.217 89 1.217 62
0.200 1.543 24 1.542 78 1.541 87
0.300 2.054 00 2.052 69 2.050 07
0.400 2.913 92 2.909 98 2.902 15
0.500 4.507 04 4.493 47 4.466 62
0.25 0.001 1.001 91 1.001 91 1.001 90
0.010 1.019 37 1.019 36 1.019 34
0.100 1.230 13 1.229 98 1.229 69
0.200 1.572 55 1.572 06 1.571 08
0.300 2.109 92 2.108 50 2.105 66
0.400 3.015 56 3.011 27 3.002 74
0.500 4.697 41 4.682 48 4.652 93
0.5 0.001 1.002 32 1.002 31 1.002 31
0.010 1.023 52 1.023 51 1.023 49
0.100 1.277 53 1.277 34 1.276 98
0.200 1.686 11 1.685 48 1.684 20
0.300 2.325 83 2.323 97 2.320 25
0.400 3.408 95 3.403 27 3.391 92
0.500 5.438 68 5.418 28 5.377 59
3. The permeability parameter β = a/
√
k: If β → ∞, the special case of translation of a
solid sphere in an eccentric spherical container is obtained.
Fig. 2 depicts the variation of the wall correction factor W with the separation parameter η
for different values of δ and for the fixed value of the permeability parameter k1(= 1/β =√
k/a). It is observed that W is a monotonic increasing function of η. Tables 1 and 2 indicate
that W decreases with an increase in nonzero permeability parameter k1 and increases with
an increase in the separation parameter η. It is found that the drag force on an eccentric
semipermeable sphere is less than the drag force exerted on an eccentric solid sphere in a
bounded spherical medium. Collocation results of W in Table 1 for the concentric case (δ → 0)
agree with the exact solutions and for a nonconcentric particle (δ = 0) of solid case, k1 → 0
matches with the results of Faltas and Saad [2].
7. Conclusions
In this work, the numerical solution for the slow motion of a semipermeable sphere in a
nonconcentric spherical cavity was studied. The wall correction factor acting on the particle
was calculated for different parameter values and the results showed that the solution procedure
converges rapidly. It was observed that the wall correction factor is an increasing function of
separation parameter and is a decreasing function of the permeability parameter. The distance
between the centers of the particle and the container played a significant role in evaluating
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the values of the wall correction factor. It was noted that the wall correction factor is minimal
when the particle is at concentric position and increases monotonically with the relative distance
between the centers of the particle and the container. Also, it was found that the drag force on an
eccentric semipermeable sphere is less than the drag force exerted on an eccentric solid sphere
in a bounded spherical medium.
References
[1] Dagan, Z., Weinbaum, S., Pfeffer, R., General theory for the creeping motion of a finite
sphere along the axis of a circular orifice, Journal of Fluid Mechanics 117 (1982) 143–170.
https://doi.org/10.1017/S0022112082001566
[2] Faltas, M. S., Saad, E. I., Stokes flow past an assemblage of slip eccentric spherical particle-in-cell
models, Mathematical Methods in Applied Sciences 34 (2011) 1594–1605.
https://doi.org/10.1002/mma.1465
[3] Feng, Z. G., Michaelides, E. E., Motion of a permeable sphere at finite but small Reynolds numbers,
Physics of Fluids 10 (6) (1998) 1375–1383. https://doi.org/10.1063/1.869662
[4] Ganatos, P., Weinbaum, S., Pfeffer, R., A strong interaction theory for the creeping motion of a
sphere between plane parallel boundaries. Part 1. Perpendicular motion, Journal of Fluid Mechanics
99 (1980) 739–753. https://doi.org/10.1017/S0022112080000870
[5] Ganatos, P., Weinbaum, S., Pfeffer, R., A strong interaction theory for the creeping motion of a
sphere between plane parallel boundaries. Part 2. Parallel motion, Journal of Fluid Mechanics 99
(1980) 755–783. https://doi.org/10.1017/S0022112080000882
[6] Gluckman, M. J., Pfeffer, R., Weinbaum, S., A new technique for treating multiparticle slow
viscous flow: Axisymmetric flow past spheres and spheroids, Journal of Fluid Mechanics 50
(1971) 705–740. https://doi.org/10.1017/S0022112071002854
[7] Happel, J., Viscous flow in multiparticle systems: Slow motion of fluids relative to beds
of spherical particles, American Institute of Chemical Engineers Journal 4 (1958) 197–201.
https://doi.org/10.1002/aic.690040214
[8] Happel, J., Brenner, H., Low Reynolds number hydrodynamics with special applications to par-
ticulate media, Englewood Cliffs, Prentice-Hall, 1965.
[9] Joseph, D. D., Tao, L. N., The effect of permeability in the slow motion of a porous sphere
in a viscous liquid, Journal of Applied Mathematics and Mechanics 44 (1964) 361–364.
https://doi.org/10.1002/zamm.19640440804
[10] Keh, H. J., Lee, T. C., Axisymmetric creeping motion of a slip spherical particle in a noncon-
centric spherical cavity, Theoretical and Computational Fluid Dynamics 24 (2010) 497–510.
https://doi.org/10.1007/s00162-010-0181-y
[11] Khanukaeva, D. Yu., Filippov, A. N., Yadav, P. K., Tiwari, A., Creeping flow of micropolar fluid
parallel to the axis of cylindrical cells with porous layer, European Journal of Mechanics-B/Fluids
76 (2019) 73–80. https://doi.org/10.1016/j.euromechflu.2019.01.012
[12] Krishna Prasad, M., Cell models for non-Newtonian fluid past a semipermeable sphere, Internati-
onal Journal of Mathematical, Engineering and Management Sciences 4 (6) (2019) 1352–1361.
https://doi.org/10.33889/IJMEMS.2019.4.6-106
[13] Krishna Prasad, M., Bucha, T., Effect of magnetic field on the steady viscous fluid flow around a se-
mipermeable spherical particle, International Journal of Applied and Computational Mathematics
5 (2019) No. 98. https://doi.org/10.1007/s40819-019-0668-1
[14] Kuwabara, S., The forces experienced by randomly distributed parallel circular cylinders or spheres
in a viscous flow at small Reynolds numbers, Journal of the Physical Society of Japan 14 (1959)
527–532. https://doi.org/10.1143/JPSJ.14.527
27
M. Krishna Prasad / Applied and Computational Mechanics 15 (2021) 19–30
[15] Leichtberg, S., Pfeffer, R., Weinbaum, S., Stokes flow past finite coaxial clusters of spheres in a
circular cylinder, International Journal Multiphase Flow 3 (1976) 147–169.
https://doi.org/10.1016/0301-9322(76)90005-7
[16] Leonov, A. I., The slow stationary flow of a viscous fluid about a porous sphere, Journal of Applied
Mathematics and Mechanics 26 (3) (1962) 842–847.
https://doi.org/10.1016/0021-8928(62)90050-3
[17] Shapovalov, V. M., Viscous fluid flow around a semipermeable particle, Journal of Applied Me-
chanics and Technical Physics 50 (4) (2009) 584–588. https://doi.org/10.1007/s10808-009-0079-x
[18] Srinivasacharya, D., Flow past a porous approximate spherical shell, Journal of Applied Mathe-
matics and Physics, 58 (2007) 646–658. https://doi.org/10.1007/s00033-006-6003-9
[19] Srivastava, B. G., Yadav, P. K., Deo, S., Singh, P. K., Filippov, A., Hydrodynamic permeability of
a membrane composed of porous spherical particles in the presence of uniform magnetic field,
Colloid Journal, 76 (6) (2014) 725–738. https://doi.org/10.1134/S1061933X14060167
[20] Vereshchagin, A. S., Dolgushev, S. V., Low-velocity viscous incompressible fluid flow around
a hollow porous sphere, Journal of Applied Mechanics and Technical Physics, 52 (3) (2011)
406–414. https://doi.org/10.1134/S0021894411030114
[21] Yadav, P. K., Deo, S., Yadav, M. K., Filippov, A., On hydrodynamic permeability of a mem-
brane built up by porous deformed spheroidal particles, Colloid Journal 75 (5) (2013) 611–622.
https://doi.org/10.1134/S1061933X13050165
[22] Yadav, P. K., Tiwari, A., Deo, S., Filippov, A. N., Vasin, S. I., Hydrodynamic permeability of
membranes built up by spherical particles covered by porous shells: Effect of stress jump condition,
Acta Mechanica, 215 (2010) 193–209. https://doi.org/10.1007/s00707-010-0331-8
[23] Yadav, P. K., Tiwari, A., Singh, P., Hydrodynamic permeability of a membrane built up
by spheroidal particles covered by porous layer, Acta Mechanica, 229 (2018) 1869–1892.
https://doi.org/10.1007/s00707-017-2054-6
[24] Yadav, P. K., Tiwari, A., Singh, P., Motion through spherical droplet with non-homogenous porous
layer in spherical container, Applied Mathematics and Mechanics 41 (7) (2020) 1069–1082.
https://doi.org/10.1007/s10483-020-2628-8
28
M. Krishna Prasad / Applied and Computational Mechanics 15 (2021) 19–30
Appendix A
The functions appearing in (25)–(30) are defined as
A1n(ζ) = −r−n−1(n+ 1)ϑn+1(ξ)(1− ξ2)−1/2, (36)
B1n(ζ) = −r−n+1 [(n + 1)ϑn+1(ξ)− 2 ξ ϑn(ξ)] (1− ξ2)−1/2, (37)
C1n(ζ) = −rn−2 [(n+ 1)ϑn+1(ξ)− (2n − 1) ξ ϑn(ξ)] (1− ξ2)−1/2 (38)
= E1n(ζ),
D1n(ζ) = −rn [(n + 1)ϑn+1(ξ)− (2n+ 1) ξ ϑn(ξ)] (1− ξ2)−1/2, (39)
A2n(ζ) = −r−n−1Pn(ξ), (40)
B2n(ζ) = −r−n+1 [2ϑn(ξ) + Pn(ξ)] , (41)
C2n(ζ) = −rn−2 [(2n − 1)ϑn(ξ) + Pn(ξ)] (42)
= E2n(ζ),













A4n(ζ) = 2 (n2 − 1)r−n−2 ϑn(ξ)(1− ξ2)−1/2, (47)
B4n(ζ) = 2n(n − 2)r−n ϑn(ξ)(1− ξ2)−1/2, (48)
C4n(ζ) = 2n(n − 2)rn−3 ϑn(ξ)(1− ξ2)−1/2, (49)
= E4n(ζ), (50)
D4n(ζ) = 2 (n2 − 1)rn−1 ϑn(ξ)(1− ξ2)−1/2, (51)
A5n(ζ) = A1n(ξ)ξ−1(1− ξ2)1/2 + A2n(ξ), (52)
B5n(ζ) = B1n(ξ)ξ−1(1− ξ2)1/2 + B2n(ξ), (53)
C5n(ζ) = C1n(ξ)ξ−1(1− ξ2)1/2 + C2n(ξ), (54)
D5n(ζ) = D1n(ξ)ξ−1(1− ξ2)1/2 + D2n(ξ), (55)
A6n(ζ) = A1n(ξ)ξ(1− ξ2)−1/2 − A2n(ξ), (56)
B6n(ζ) = B1n(ξ)ξ(1− ξ2)−1/2 − B2n(ξ), (57)
C6n(ζ) = C1n(ξ)ξ(1− ξ2)−1/2 − C2n(ξ), (58)
D6n(ζ) = D1n(ξ)ξ(1− ξ2)−1/2 − D2n(ξ), (59)
B7n(ζ) = −2 (2n − 3)r−n+1 ϑn(ξ), (60)
D7n(ζ) = 2 (2n+ 1)rn ϑn(ξ). (61)
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Additionally, the article utilises the following relations between the spherical (r, θ, φ) and
cylindrical (ρ, φ, z) coordinate systems:
r1 = [ρ2 + (z − d)2]1/2, cos θ1 =
z − d
r1




r2 = [ρ2 + z2]
1/2
, cos θ2 =
z
r2
, sin θ2 =
ρ
r2
.
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